The Mathematical Path
The mathematical origins of affine Kac-Moody (AKM) algebras go back [1] to the work of Killing, who first classified the simple Lie algebras. As was natural for a student of Weierstrass, Killing considered the spectra of elements with respect to adjoint action, and was thereby led to the well-known Cartan-Killing relations where ai for i = 1...l are the roots, and to the Cartan-Killing matrices where ci for i = 1... l are the simple roots (generators, with respect to addition, of the positive root lattice). The elements of the matrices A are integer-valued, as indicated, and satisfy the three conditions The Kac-Moody (KM) algebras were obtained [4] [5] byremoving the positive-definite restriction on A i.e. requiring that it (be indecomposable) and satisfy only (3) , and then applying the Serre construction. The resultant algebras fall into three classes, namely, those for which there exists a vector u with only positive components such that These classes correspond to finite-dimensional Lie algebras, affine Kac-Moody (AKM) algebras, and non-affine Kac-Moody (NAKM) algebras respectively. The non-affine algebras are largely unexplored and, to my knowledge, no natural physical applications have been found so far. The affine Kac-Moody (AKM) algebras are those of interest here. Remarkably, they may be characterized by the fact that A is positive semi-definite and has exactly one zero eigenvalue i.e.
The procedures adopted by Kac and Moody to obtain these algebras were rather different. Moody considered the degeneracies of A, and in his first paper arrived at the AKM algebras, including the twisted (tiered) ones. Kac considered the growth properties of the algebras obtained by relaxing the positivity condition on A, using as measure ln (d(s, n))/ln(n) where s is the dimension of any finite subspace S of the algebra, and d(s, n) the dimension of the subspace spanned by the commutators of any m elements of S for m n. He found that the three classes corresponded to finite, polynomial and exponential growth respectively.
The major breakthrough for AKM algebras came with the discovery that they have many of the properties of finite-dimensional simple Lie algebras [4] . In The integrability (Jacobi self-consistency) relations for (10) are 156 where c is a constant. The algebra (11) is called the Virasoro algebra and is clearly a central extension of the Lie algebra of the diffeomorphic group. By multiplying (11) by 03B5(~) and integrating one sees that the Virasoro generators L(~) are diffeomorphic connections of rank two. We shall see later that the Virasoro automorphisms are inner in the sense that the L (0) can be constructed from the Ja (~). The Virasoro algebra first appeared in physics in the context of string theory [6] , and it is of central importance in all two-dimensional conformal theories [7] , where the Virasoro generators are actually the components of the energy-momentum tensor density. It follows from (10) where jo is the highest weight, ()) are the parameters of the Cartan, the sum is over all Weyl reflections Wo of parity 03B5(03C9o), and 03C1o is half the sum of the positive roots. This formula generalizes almostwithout change to lowestweightAKM representations [4] , the differences being that the Weyl reflections are in the l + 2 dimensional (indefinite-metric) AKM rootspace and that the exp(i~, 03C9o(03BBo)) are replaced by formal exponentials e(03BB) satisfying e(03BB) e(03BC) = e(03BB + Jl) that are invertible on the AKM Cartan.
Physical Path: Current Algebras
The physical path to AKM algebras originated in the discovery of the (flavour) SU (3) symmetry of the strong nuclear interactions. A major part of the success of SU (3) [9] . This is a quantum effect due to the normal-ordering of the fields (whose spins determine the value of k).
In contrast to (18), in which the charges Qa are conserved, the relations in (19) are restricted to equal times and in this respect are quite limited. But, being phase-space rather than dynamical relations, they are universal and reliable.
Although the algebra (19) is defined on four-dimensional Minkowski space, the resemblance between it and the AKM algebras (8) [8] that an experimentally satisfactory value for the axial weak coupling constant gA, could be obtained by sandwiching the second relation in (20) between proton states, using PCAC, and evaluating the resultant sum over intermediate states from known pion-nucleon scattering results. This breakthrough initiated a huge industry in which current algebra, the PCAC relation and S-matrix theory were combined to obtain many sum rules and predictions for low energy nuclear and hadronic scattering, most of them in excellent agreement with experiment.
The Success of Failure : Anomalies There was one PCAC-current algebra prediction, however, that was in total disagreement with experiment, namely the prediction of a zero rate for the decay of a neutral pi-meson into two photons, 03C00 ~ 2y. The resolution of this discrepancy led to a major discovery in quantum field theory, namely the existence of anomalies [9] . A careful analysis 159 showed that axial vector current conservation was broken not only by PCAC but even by the electromagnetic field F03BCv, through a divergence of the form where n is Planck's constant and e is the electromagnetic charge. The use of (21) 
The Sommerfield Sugawara (SS) Construction
Before leaving the subject of current algebra in four dimensions there is one other development worth mentioning, namely the construction of the energy-momentum tensor Tgv from the currents. In most field theories T JlV and the other Noether currents, such as the electromagnetic current, are local functions of the fields but are not local functions of each other. Inspired by current algebra, Sommerfield and Sugawara [10] proposed that in some circumstances T03BC03BD might be a local function of the currents, namely where x is a constant. The importance of this proposal was not immediately appreciated, particularly when it turned out that for (22) the usual four-dimensional QFT short-distance singularities are even more severe than usual [11] . Sommerfeld, in particular, was so aware of these difficulties that he delayed publication and lost some priority. 160 6. Down-Sizing to Two Dimensions Had current algebras remained four-dimensional their intertwining with AKM algebras might have remained marginal. However, some parallel developments in physics led to a reduction from four to two dimensions. The first such development was stringtheory [6] , in which the world-line of a particle is replaced by a two-dimensional worldsheet, with a conformally-invariant Action. The second was the discovery of the importance of two-dimensional conformal theories for phase transitions [12] . These discoveries, together with advances in specific areas, such as statistical and integrable models, and the fact that two-dimensional conformal field theories provided a reliable testing-ground for the various Ansatze of the four-dimensional quantum field theory, (such as the existence of operator-product expansions) made two-dimensional conformal field theories a mainstream subject of investigation. As the relevant two-dimensional current algebras corresponded to conformally invariant theories, they split into the direct sums of one-dimensional (light-like) AKM algebras, as described on page 157.
The Virasoro Algebra
One of the most striking properties of two-dimensional conformal field theories is that the generators of the Virasoro algebra coincide with the components of the energymomentum tensor density T03BC03BD(x). This happens because, in two-dimensional conformal field theories, the component T 0 3 B C 0 3 B C of T03BC03BD is zero and the components T++ and T--are chiral i.e. are functions of the light-like variables x± = xo ± xl respectively. These chiral components are the Virasoro generators. Thus, in strong contrast to higher dimensions, where only a (small) finite number of moments of the energy-momentum tensor T JlV generate space-time symmetries, here every component of T JlV generates a space-time symmetry, and together they generate the whole conformal group.
The Sommerfield Sugawara construction of Tgv was a particular beneficiary of the down-sizing to two dimensions because in two dimensions the short-distance singularities disappear. Thus the four-dimensional SS ugly-duckling became a two-dimensional swan, and today the SS construction is used extensively in both the physical and mathematical literature.
Weyl Anomaly and Virasoro centre
It was mentioned in the previous section that, for The archetypal class of two-dimensional conformal field-theories is the Wess-ZuminoWitten (WZW) class [7] [13] . Indeed practically all two-dimensional conformal field theories are special cases of the WZW class or can be derived from it. The interesting property of the WZW theories is that they have AKM algebras as symmetry algebras and their energy-momentum tensors are of the SS form. Thus they are physical embodiments of the AKM algebras and the SS construction. The WZW Actions are where 6 are the coordinates, and gJ.1V (6) is the metric, of the background Minkowskian twospace,11 = ±1, k is an integer-valued coupling constant and the fields h(6) take their values in a Lie group Go. An unusual feature is the appearance of the three-dimensional integral, where the 3-space is understood to have the 2-space of interest as boundary. This integral is the winding number for the map h(x) of the 3-space into Go and its variation is a total divergence that can be converted into a boundary term. The boundary term contributes to the two-dimensional field equations, and simplifies them to for T) = 1 (and the same equations with J and j interchanged for ~ = -1). Thus the field equations reduce to the statement that the currents are chiral i.e. depend only on 03C3± respectively, and their general solution is easily seen to be hs(03C3) = l(03C3+)r(03C3-) where l and r are arbitrary matrices in Go. The Action (23) 
String Theory
The first widely studied example of a two-dimensional conformal field theory was bosonic string theory [6] . As [15] and KdV hierarchies [16] , are intimately connected with AKM algebras. For example, the Toda systems may be obtained from the WZW systems by applying the constraints described in the previous section to the AKM generators of the WZW systems. Thus the Toda systems may be regarded as constrained AKM systems and there are many advantages of regarding them in this way. For example, the reason that Toda theories are associated with Cartan-Killing matrices becomes obvious, the general Toda solutions are easily obtained by algebraic reduction of the (trivial) WZW solutions, and the symmetry algebras of the Toda systems are immediately seen to be the W-algebras.
